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DERIVED SUBDIVISIONS MAKE EVERY PL SPHERE
POLYTOPAL
KARIM A. ADIPRASITO AND IVAN IZMESTIEV
Abstract. We give a simple proof that some iterated derived subdivi-
sion of every PL sphere is combinatorially equivalent to the boundary of
a simplicial polytope, thereby resolving a problem of Billera (personal
communication).
I. Making any PL sphere polytopal. A subdivision of a simplicial
complex ∆ is a simplicial complex ∆′ with the same underlying space as ∆,
such that for every face D′ of ∆′ there is some face D of ∆ for which D′ ⊂ D.
One also says that ∆′ is a refinement of ∆, or writes ∆′ ≺ ∆. A stellar
subdivision of ∆ at a face τ is defined as
st(τ,∆) := (∆− τ) ∪ {conv{vτ ∪ σ} : σ ∈ St(τ,∆)− τ ⊂ ∆}
Here ∆−τ denotes the deletion of τ from ∆, i.e. the maximal subcomplex of
∆ that does not contain τ , the point vτ lies anywhere in the relative interior
of τ , and St(τ,∆) is the star of τ in ∆, i.e. the minimal subcomplex of ∆
that contains all faces of ∆ containing τ . Clearly, the combinatorial type of
the stellar subdivision does not depend on the choice of vτ .
A derived subdivision sd ∆ is obtained by stellarly subdividing ∆ at all
faces in order of decreasing dimension, cf. [Hud69]. A special case is the
barycentric subdivision, where the point vτ is the barycenter of τ .
The derived subdivision can be iterated, by defining sdm ∆ := sd(sdm−1 ∆)
and sd0 ∆ := ∆. Our main result in this note is:
Theorem 1. For every PL sphere ∆, there exists a k ≥ 0 such that sdk ∆ is
polytopal, i.e., it is combinatorially equivalent to the boundary complex of
some convex polytope.
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This answers a question asked to the authors on several occasions, in particular
by Louis J. Billera (personal communication). The result itself is implicit in
the work of Morelli [Mor96, Sec. 6]; however, it was never written up explicitly.
We obtain the following immediate corollary, cf. [AB12, Cor. I.3.12]:
Corollary 2. For every closed simplicial PL manifold M , there is an n ≥ 0
such that for every nonempty face F of sdnM , the simplicial PL sphere
Lk(F, sdnM) is polytopal.
Proof. Notice that, if ∆, Γ is any pair of PL spheres, then sdn(∆ ∗ Γ) is a
stellar subdivision of sdn ∆∗ sdn Γ (where ∗ denotes the join operation); since
stellar subdivisions preserve polytopality, we therefore observe that sdn(∆∗Γ)
is polytopal if sdn ∆ and sdn Γ are polytopal.
Observe secondly that if ∆ is any simplicial complex, and F is any face of
sd ∆, then there is a face F˜ ∈ ∆ and simplices σ1, · · · , σk such that
Lk(F, sd ∆) ∼= sd ∂σ1 ∗ · · · ∗ sd ∂σk ∗ sd Lk(F˜ ,∆).
Now, let n be chosen large enough such that for all faces F˜ ofM , the complex
sdn Lk(F˜ ,M) is polytopal. It then follows from the two observations above
that for every face F of sdnM , the complex Lk(F, sdnM) is polytopal. 
Proof of Theorem 1. A complete pointed fan in Rd+1 is a partition of
Rd+1 into convex polyhedral cones with apices at the origin 0 such that the
intersection of any two cones is a face of both. A fan is called regular if
it consists of the cones over the faces of a convex polytope (with the origin
in the interior). A fan F is regular if and only if there exists a PL function
ϕ : Rd+1 → R whose domains of linearity are exactly the full-dimensional
cones of F and that is strictly convex across every codim 1 cone of F ,
cf. [dLRS10]. Thus we have to show that every PL d-sphere ∆ becomes
combinatorially equivalent to some regular simplicial fan after several derived
subdivisions.
We will be repeatedly using the following simple observation:
Lemma 3 (cf. [Zee66, Ch. 1, Lem. 4]). Let ∆1 and ∆2 denote two simplicial
complexes with the same support; then there is a derived subdivision sdk ∆1
that refines ∆2. Moreover, one can choose k ≤ |f |(∆2).
Here, |f |(·) denotes the total number of faces of a simplicial complex.
Claim 1: There is an n such that sdn ∆ is combinatorially equivalent to a
simplicial (not necessarily regular) fan in Rd+1.
By definition, ∆ is PL homeomorphic to the boundary of the (d+ 1)-simplex
σd+1. In other words, there are combinatorially equivalent subdivisions ∆˜
and Σ of ∆ and ∂σd+1, respectively. Let now
ϑ : ∆˜ −→ Σ
DERIVED SUBDIVISIONS INDUCE POLYTOPALITY 3
denote a facewise linear map realizing the combinatorial equivalence, and
let sdn ∆ be chosen fine enough such that sdn ∆ ≺ ∆˜. Then ϑ(sdn ∆) is a
subdivision of ∂σd+1 combinatorially equivalent to sdn ∆. The cone with
respect to any interior point of σd+1 gives the desired simplicial fan.
In the following we identify subdivisions of ∂σd+1 with the corresponding
fans.
Claim 2: There is a regular subdivision ∆′ of sdn ∆.
Regularity is preserved under stellar, and in particular derived, subdivisions,
cf. [dLRS10]. Thus we may take for ∆′ any derived subdivision of ∂σd+1 that
refines sdn ∆.
Let sdn+m ∆ be a derived subdivision that refines the regular subdivision ∆′:
sdn+m ∆ ≺ ∆′ ≺ sdn ∆
Claim 3: sdn+m ∆ is regular.
We have to show that there is a convex PL function with the fan sdn+m ∆.
First, let us construct a PL function h : Rd+1 −→ R that is linear on the
faces of sdn+m ∆, and that is strictly convex at every codim 1-face except at
the codim 1 skeleton of sdn ∆.
This is proven by induction: sdn+m ∆ is a derived, and in particular an
iterated stellar subdivision of sdn ∆; let ∆1, ∆2, . . . denote the intermediate
complexes, so that ∆i+1 is obtained from ∆i using a single stellar subdivision
(obtained by introducing a vertex νi).
If ν is a ray of a simplicial fan F, then let us denote by
[ν,F]∗(·) : Rd+1 −→ R
the function that is 〈·, ν〉 on the ray spanned by ν, that is 0 on all other rays
and that is linear on the faces of F. Note that [ν,F]∗(·) is strictly convex
across all codim 1-faces of F that contain ν.
On sdn ∆ = ∆0, we just take the zero function.
By induction assumption, let us assume that ∆i admits a function hi :
Rd+1 −→ R that is linear on faces of ∆i, and strictly convex at every codim 1
face except those in the codim 1 skeleton of ∆. Then, for εi > 0 small enough,
the function εi[νi,∆i+1]∗ + hi is linear on every face of ∆i+1, and strictly
convex at all codim 1 faces newly introduced. Hence, by induction, there is a
function h with the desired property.
Now, ∆′ is regular, and hence there exists a strictly convex piecewise linear
function h′ : Rd+1 −→ R whose domains of linearity are the facets of ∆′. In
particular, h′ is linear on all faces of sdn+m ∆. The function h′ is strictly
convex across those faces where the convexity of h can fail. Hence, for an
ε > 0 small enough, εh+ h′ is strictly convex at all codimension one faces of
sdn+m ∆, and linear on all facets of sdn+m ∆. This finishes the proof. 
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II. Algorithmic aspects. Now that we determined that sufficiently many
iterations of the derived subdivision make any PL sphere polytopal, it makes
sense to ask how many precisely are needed. If dim ∆ = 2, then ∆ is
combinatorially equivalent to the boundary of a convex polytope by Steinitz
Theorem, cf. [Zie95]; the fact that the graph of every triangulation of S2 is
3-connected is an easy exercise. Thus k = 0 suffices in this case.
For higher dimensions, k can not be bounded that easily, as we shall see
now. As usual, fi(·) denotes the number of i-dimensional faces of a simplicial
complex.
Theorem 4. (a) If d ≥ 3, then there is no k that would depend only on d
such that all PL d-spheres become polytopal after k derived subdivisions.
(b) For d = 3, it number k = k(∆) of derived subdivisions needed to make a
PL sphere ∆ polytopal can be bounded from above by
k(∆) ≤ a · 2b·f3(∆)·2c·f
2
3 (∆)·2
d·f23 (∆)
+ c · f23 (∆) · 2d·f
2
3 (∆),
where a, b, c, d ≥ 0 are constants independent of ∆.
(c) If d ≥ 5, then the number of derived subdivisions that makes a PL d-sphere
∆ polytopal is not (Turing machine) computable from ∆.
In other words, if ϕ : Kd 7−→ N is any computable function (cf. [Dav58]),
where Kd is the collection of d-dimensional simplicial complexes, then for some
PL d-sphere ∆, more than Φ(∆) derived subdivisions are needed to make
∆ polytopal. In particular, the number of subdivisions is not computable
from the dimension, the f -vector, the flag vector or any other combinatorial
invariant of ∆.
Proof. (a) The first statement follows from the work of Bing [Bin64] and
Lickorish [Lic91]. Indeed, one can show that for every d ≥ 3 and every k ≥ 0,
there is a PL d-sphere ∆ such that sdk ∆ is not shellable (cf. [Lic91]). Since
the boundary of every convex polytope is shellable [BM71], sdk ∆ can not be
combinatorially equivalent to the boundary of a convex polytope. Compare
also [AB12].
(b) For the second assertion, recall that there is an ` such that sd` ∆ is
combinatorially equivalent to a subdivision of (the simplicial fan spanned by)
∂σ4 by Claim 1 in the proof of Theorem 1. By a result of Mijatović [Mij03], `
can be bounded in terms of the number of faces of ∆; more explicitly, one can
show that ` ≤ c′ · f23 (∆) · 2d
′·f23 (∆), where c′, d′ ≥ 0 are constants independent
of ∆.
Now, there is a iterated derived subdivision ∆′ = sdm ∂σ4 of ∂σ4 that is
regular and subdivides sd` ∆, and the number of derived subdivisions needed
can be bounded from above by
m ≤ |f |(sd` ∆) ≤ (4!)` · 24 · f3(∆).
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Finally, the fan ∆′ is regular, and there is an n such that sd`+n ∆ subdivides
∆′, and
n ≤ |f |(∆′) ≤ (4!)m · 24 · f3(∂σ4).
But sd`+n ∆ is regular by Claim 3 in the proof of Theorem 1.
(c) For the final claim: suppose there exists a Turing machine computable
function ϕ : Kd 7−→ N that, for every PL d-sphere ∆, d ≥ 5, returns a value
ϕ(∆) such that sdϕ(∆) ∆ is polytopal, we would also have Turing machine that
decides whether or not a given simplicial d-manifold, d ≥ 5, is a PL sphere:
Recall that deciding whether a given simplicial complex is the boundary of a
convex polytope is complete within the existential theory of the reals, and
therefore Turing machine decidable cf. [Dav58, Mnë88]. Now, if this Turing
machine returns, for any d-dimensional simplicial complex ∆, that sdϕ(∆) ∆
is not polytopal, then ∆ is not a PL sphere by assumption; if instead it
returns that sdϕ(∆) ∆ is polytopal, then ∆ is a PL sphere, as desired.
The existence of this Turing machine, however, stands in contradiction
to a classical result of S. P. Novikov [VKF74], cf. [Nab95], who proved that
it is not decidable whether a given 5-manifold is actually the PL 5-sphere.
Therefore, the assumption is wrong, and no such Turing machine bounding k
exists. 
III. Regular triangulations and geometric bistellar moves. Let P ⊂
Rd be a convex d-polytope. A triangulation T of P (the vertex set of T
may be bigger than that of P ) is called regular if there exists a PL function
h : P → R linear on all d-simplices of T and convex across all of its (d− 1)-
simplices, compare also the notion of a regular fan in the proof of Theorem 1,
and [Zie95] or [dLRS10].
While polytopality is a combinatorial property of a simplicial complex, regu-
larity of a triangulation depends not only on its combinatorics, but also on
the position of its vertices.
Theorem 5. For every triangulation T of a convex polytope P there is a k
such that some derived subdivision sdk T is regular.
Proof. The proof is similar to that of Theorem 1. We need a regular triangu-
lation of P to start with: To find one, choose hi ∈ R for every vertex pi of
P generically and take the lower envelope of the points (pi, hi) ∈ Rd+1, cf.
[dLRS10]. By applying derived subdividisions to T ′, we see that there exists
a regular triangulation T ′ of P that refines T . Now, there is an m ≥ 0 such
that sdm T refines T ′. It now follows as in the proof of Theorem 1, Claim 3,
that sdm T is regular. 
Corollary 6. Any two triangulations T0 and T1 of P can be connected by a
sequence of geometric Pachner (or bistellar) moves.
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This is essentially the main result of [Mor96] and [Wło97], with the difference
that we don’t assume P to be a lattice polytope and don’t require triangula-
tions to be unimodular. Ewald and Shephard had earlier proven it for regular
triangulations [ES74]. On the other hand, Pachner [Pac87] proved that PL
homeomorphic manifolds are related by combinatorial Pachner moves.
To deduce Corollary 6 from Theorem 5, take any triangulation T˜ of P × [0, 1]
that restricts to T0 and T1 on P × {0} and P × {1} respectively, and apply
derived subdivisions to make T˜ regular. Sweeping out from 0 to 1 produces
a sequence of bistellar moves. Details can be found in [IS10, Sec. 2].
Note that geometric bistellar flips (bistellar moves other than stellar sub-
divisions and moves inverse to them) do not suffice in general to transform
one of two triangulations of the same point configuration into the other; see
[San05, San06] for a counterexample in dimension 5.
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